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PREFACE 


"Par ma foi, il y a plus de quarante ans 
que je dis de la prose, sans que j'en 
susse rien, et je vous suis le plus oblige 
du monde de m'avoir appris cela.” 

Moli:§:r£ 

Bourgeois Gtntilkomme^* 


This booklet describes a course for students of physics 
and chemistry in their first term at a university provided 
they have passed G.C.E. at advanced level in pure mathe¬ 
matics, applied mathematics, physics and chemistry. 

The idea of such a booklet was conceived at a discussion 
meeting arranged by the Low-Temperature Group of the 
Physical Society and described in Nature vol. 159, page 
626. For eight years I have hoped that it might be written 
by someone more experienced than 1 am in elementary 
teaching, but I have now lost hope. If some students, after 
digesting the text of this booklet, later on react to a formal 
course of statistical thermodynamics somewhat as the 
Bourgeois Gentilhomme reacted to his lesson on prose I 
shall have succeeded in my object. 

I am grateful to the publishers for doing everything 
possible to keep down the price and I for my part have 
aimed at the maximum brevity consistent with what I 
hope is an acceptable degree of clarity. 


E. A. G. 
1955 



PREFACE TO SECOND PRINTING 

Advantage has been taken of the reprinting to correct 
a mistake on page 7. There is no other change. 


E.A.G. 

1958 
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Chapter 1 


ELEMENTS OF QUANTUM THEORY 

Our present detailed knowledge of the structure of 
atoms and molecules has been acquired entirely since the 
turn of the century. Its acquisition has been due to a 
combination of new experimental techniques with a new 
theory of mechanics called ''quantum theory". Some 
knowledge of quantum theory is essential for any detailed 
description of the behaviour of atoms and molecules. This 
chapter is devoted to a summary of the minimum amount 
theory adequate for our purpose. No mention 
will be made of the history of the development of quantmn 
theory nor of the experiments which led to its develop¬ 
ment. The justification of the theory is, of course, that it 
leads to conclusions in agreement with experiment. 

As an introduction to quantum theory, we shall recapi¬ 
tulate some of the elements of classical mechanics. We shall 
then describe the most essential modifications introduced 
by quantum theory. Classical mechanics is based on 
Newton s laws of motion. One of the consequences of 
these laws is the existence of energy which may be of two 
kirids, kinetic and potential. In an isolated system, e.g. a 
swinging pendulum, the total energy remains constant. As 
the potential energy decreases, the kinetic energy increases 
and vice-versa so that the sum of the kinetic energy and 
potential energy remains constant. For example the motion 
of a harmonic oscillator is completely described by the 
foUo^ng equations, in which x denotes the positional 
coordinate, a the amplitude, v the frequency and t the 
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time. Further, T denotes the kinetic energy, V the poten¬ 
tial energy and E the total energy. The potential energy 
V has its minim um value, conventionally taken as F = 0, 
at ^ = 0. 

X ^ a sin 27 i;v/ 

X = 27cva cos27n>^ 

T = \mx^ = \m (2Tcva)* cos*27rv^ 

V = (27rv)* at® = Jw (27tra)* sin®2w/ 

£ = T + F = iw (27rva)* 

Thus the total energy E is proportional to the square of 
the amplitude a. 

Whereas the total energy of an isolated mechanical 
system such as a harmonic oscillator remains constant, its 
energy can be changed by interaction with its surroundings. 
When the system gains energy, then the same amount of 
energy is lost by the surroundings and we say that work 
is done on the system by the surroundings. Conversely 
when the system loses energy then the same amount of 
energy is gained by the surroundings and we say that 
work is done by the system on the surroundings. 

It is an essential feature of classical mechanics that the 
possible values of E form a continuum and that E changes 
continuously. It is an essential feature of quantum theory 
that E can have only certain discrete values and that E 
can change only from one of these discrete values to 
another. It is evident from this that there is in principle 
a complete contradiction between classical mechanics and 
quantum theory, but in fact the gaps between successive 
values of E are so small as to be entirely negligible for 
planets, projectiles and even the smallest grains of dust. 
They are however not always negligible for molecules and 
atoms and they are never negligible for electrons. Hence 
classical mechanics is an approximation to quantum 
theory valid for planets, projectiles and grains of dust but 
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sometimes inadequate for molecules and atoms and com¬ 
pletely misleading for electrons. 

The restriction of the energy E to discrete values is 
called '^quantization”. Quantum theory is largely con¬ 
cerned with the derivation from a few general principles 
of the rules of quantization. We shall not here be concern¬ 
ed with these derivations, but shall confine ourselves to 
quoting the derived rules for a few of the simplest and 
most important kinds of system. 

The quantization rules involve a universal constant 
called 'Tlanck^s constant”. This constant, denoted by h, 
has the dimensions of the product of linear momentum by 
distance i.e. the same dimensions as angular momentum. 
The value of A is 6.625 x lO”*’g cm* s“i or 6.625 x IQ"** 
kg m* s“^. We shall now quote and discuss several quanti¬ 
zation rules in turn. 

(a) As our first and simplest example we consider a 
particle of mass m moving freely back and forth between 
and normal to two parallel walls distant L apart. The 
quantization rule is expressed most simply in terms of 
the momentum j> = mx, where x denotes distance from 
one of the walls and x ^ dxfdt denotes velocity. The quan¬ 
tization rule for this system is 

\p\ 2L = nh 

where \p\ denotes the constant magnitude of the momen¬ 
tum and « is an integer called the "quantum number”. 
The momentum itself is + |^| or — \p\ according to the 
direction of motion of the particle. The factor 2 occurs 
because the length of path of the particle over a complete 
cycle "there and back” is 2£. We may thus express the 
quantization rule in the words "The product of the magni¬ 
tude of the momentum by the length of path over a cycle 
is equal to an integral multiple of Planck's constant.” The 
allowed values of the energy E, in this case purely kinetic, 
axe inunediately derived from the allowed values of \p\. 
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We may now verify that the gaps between successive 
energy or momentum values of the particle moving freely 
between two walls are usually negligible. Let us consider 
the molecules or atoms of helium gas at room temperature. 
The magnitude of their average kinetic energy of motion 
in a given direction is about 2 X 10“** g cm* s"*. The mass 
of a helium atom is about 7 X 10-** g. If then the two 
walls are 1 mm apart the values of E allowed by the 
quantization rule are 

«* X 6.6 X 10-*’ X 6.6 X 10-** _ 

8 X 7 X 10-** X 0.1 X 0.1 ** 

= «* X 7 X 10-** g cm* S-* 


Thus the average value of »* is about 


2 X 10-** 
7x10-** 


ci 3 X 10** 


and the average value of « is about 1.7 x 10*. Hence 
when « changes to » + 1 the energy increases by a frac¬ 
tion 2/n Si 1 X 10"*. This is so sm^l that we may in this 
example justifiably ignore the discontinuity in the ener^ 
values i.e. ignore quantization. If we had chosen a heavier 
particle than a helium atom or a larger distance between 
the walls the effect of quantization would have been still 
more negligible. At lower temperatures the average energy 
of a molecule is less but even at a temperature as low as 
10°K quantization of the translational motion of molecules 
is unimportant. We could easily verify that the effect of 
quantization is quite trivial for the motion of the lightest 
visible particles and a fortiori for projectiles and planets. 

(b) As our second example we take the harmonic oscil¬ 
lator. Since the magnitude of the momentum is not con¬ 
stant the quantization rule cannot be as simple as for the 
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free particle. By a natural extension of the previous ex¬ 
ample we might guess that 

[pdx = vh 

where the integration is over a complete cycle "there and 
back" and v is an integer. We can transform the left side 
of this equation as follows 

ipdx = ipicdt = p.T ^ 

where T denotes the average value of T over a complete 
period of duration 1/v. But for a harmonic oscillator 

f = f 

where V denotes the average value of the potential 
energy V measured from the equilibrium position as zero. 
Consequently __ 

2f =* f + 7 « 

Our tentative relation may therefore be rewritten as 
Efv = vh or jB = vhv. 

We have arrived at this relation by "intelligent guessing" 
and we have no proof that it is right. According to quan¬ 
tum theory the above formula gives the correct spacing 
of the energy levels, but the absolute values, when a state 
of rest at the equilibrium position is taken as zero energy, 

E^{v^i)hv 

where i; is an integer. The lowest allowed value of the 
energy lies ^hv above that of the state of rest in the equili¬ 
brium position. 

(c) As our third example we shall consider a particle 
free to move in a container. We require three coordinates 
to describe the position of the particle. We might use car¬ 
tesian coordinates or spherical polar coordinates, but 
whatever our choice the required number of coordinates is 
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three. We describe this situation by the statement that 
the particle has three "degrees of freedom". According to 
quantum theory each quantum state is specified by as 
many quantum numbers as there are degrees of freedom. 
Let us .assume for the sake of simplicity that the container 
is a rectanguleir box with edges a, b, c. It is then most 
convenient to use cartesian coordinates, x, y, z with respect 
to axes parallel to the edges of the box. With this particu¬ 
lar choice of coordinates the problem, in quantum theory 
as well as in classical theory, can be resolved into three 
independent sets of relations for the motion in the three 
directions defined by x, y, z respectively. In mathematical 
terminology the motion of the particle is "separable" 
when these coordinates are used. The quantization rules 
are now 

\p^\ X 2a 
\Pw\ X 2b :=^n^h 
\pt\ X 2c 

where are three independent integral quantum 

numbers. There are three of them because the particle has 
three degrees of freedom, and each is of the form already 
quoted for one-dimensional motion. The energy, being 
purely kinetic, is given by 

p - T - ^ a. j. 

2m “ 8w 6* c* 

If the box is cubic with an edge of length L 

a^b^c^L 

and the formula for the energy becomes 

All states «, such that + wj has the same 

value will have equal energy. For example all the following 
states have energy £ = 66 A*/8w£*. 
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n* ny 

8 1 1 

1 8 1 

1 1 8 

4 5 5 

5 4 5 

6 5 4 


fly fly 

7 4 1 
1 7 4 
4 1 7 
7 1 4 
4 7 1 
1 4 7 


In this case there are 12 distinct quantum states having 
equal energy and we say that this energy level is ''twelve¬ 
fold degenerate". 

As already mentioned it is sometimes, but by no means 
always, allowable to ignore the discreteness of quantum 
states and regard them as forming a continuum. This is 
allowable when the separation between the energy levels 
is negligibly small compared with the energy differences 
or energy changes with which one is concerned. Whe^ 
this condition is satisfied, we say that the system behaves 
classically. When the condition is satisfied with respect 
to a particular degree of freedom we say that this degree 
of freedom behaves classically. 

If a certain degree of freedom behaves classically, we 
may and usually shall treat it classically, i.e. as if the 
states formed a continuum. Even so it will sometimes be 
necessary to know how many quantum states are included 
in an element of the continuum. In the simplest case of a 
single translational degree of freedom described by the 
coordinate % and momentum the number of 

quantum states included between x and x 6x and be¬ 
tween pfy and py, -f- d^a, is dxdpjh. If we draw a diagram 
in which the abscissa represents x and the ordinate repre¬ 
sents pm, such a diagram is called a “phase plane". We 
may then say that there is one quantum state per element 
of area h in the phase plane. 

We may extend this statement to three dimensions. If 
we imagine x, y, z, p^, py, as a six-dimensional coordinate 
system this is called phase space for the particle. Then the 
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number of quantum states is one per element of six¬ 
dimensional phase space. 

The statement can be further extended to a system of 
f degrees of freedom described by coordinates ...qi 
and momenta p^, ...pi. Then in the 2f-dimensional 
phase space in which the 5 ^’s and fs are plotted as coor¬ 
dinates, there will be one quantum state per 2 f-dimen- 
sional element U, provided of course all f degrees of free¬ 
dom are classical. If they are not classical the statement is 
still true on the average, but may not be true for an 
arbitrarily chosen element of phase space. 



Chapter 2 


TEMPERATURE AND PARTITION FUNCTIONS 

We shall not attempt to give here a logical definition 
of temperature. We shall rather state its most important 
properties. 

\^en two macroscopic systems are placed in contact 
with each other in such a manner that interchange of 
energy is possible, then over and above any work that the 
one system may do on the other, energy will always move 
from the system at the higher temperature to the system 
at the lower temperature and this exchange of energy is 
called a flow of heat. In particular if the two systems have 
equal temperatures, there will be no flow of heat and they 
are then said to be in thermal equilibrium. Moreover when 
heat flows into a system its temperature either increases or 
remains constant and when heat flows out of a system its 
temperattire either decreases or remains constant. (The 
case where it remains constant is related to the term 
"latent heat", but discussion of this is postponed.) Other 
things being equal (in the interest of simplicity we are 
deliberately using vague terminology at this stage) increase 
of temperature involves increase of energy in the system 
and vice-versa. Consequently, at least in a loose way, 
temperature is a measure of the energy in a given 
system. 

Energy, like volume, is a typically "extensive pro¬ 
perty" by which we mean that the energy (or volume) of 
the whole system is equal to the sum of the energies (or 
volumes) of the parts of the system. The temperature, like 
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pressure, on the other hand is a typically *'mtensive pro¬ 
perty" by which we mean that in a homogeneous system 
the temperature (or pressure) of any part is the same as 
that of the whole. Whereas the energy of the whole system 
is, as just mentioned, an extensive property, the average 
energy per molecule in the system is an intensive pro¬ 
perty. We might then reasonably expect the temperature 
to be related to the average energy per molecule. We shall 
see that the temperature in fact determines not only the 
average energy per molecule, but moreover determines 
the distribution of the molecules over all possible quantum 
states. 

There is an infinite choice of temperature scales such 
that everything we have so far said about temperature is 
valid. There is however one particular kind of temperature 
scale in terms of which the distribution law over quantum 
states takes an especially simple form. The temperature on 
such a scale is called the "absolute temperature" and it is 
denoted by the S 3 mibol T. The distribution law for mole¬ 
cules over quantum states 1, 2, 3, ..., each specified by as 
many quantum numbers as the molecule has degrees of 
freedom, may then be expressed as follows. Let iVi, N,, 
iV,, denote the number of molecules in the states 
1, 2, 3, ..., with energies £i, ..., then 

... := : ... 

where ft is a constant, called Boltzmann's constant,which 
is a scaling factor fixing the size of the degree. When the 
temperature of the triple point of water is defined as 
273.16 degrees the scale is called the Kelvin scale and we 
write for the triple point of water T = 273.16®K. On this 
scale the value of Boltzmann's constant is 

ft — 1.38 X lO-i* erg deg-^. 

The above statement, known as Boltzmann's distribu¬ 
tion law, describes by far the most important property of 
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absolute temperature and it will be our starting point for 
all problems involving temperature. This statement tells 
us nothing about how absolute temperature can be mea¬ 
sured practically. That is a problem which must be post¬ 
poned to a later chapter when we shall find it quite easy. 

It is sometimes convenient to write Boltzmann’s distri¬ 
bution law in the alternative form 

= (alH) 

where A has the same value for every quantum state. (Note 
that we do not call A a "constant” because that might 
give the false impression that A were independent of tem¬ 
perature.) The coefficient A is called the "activity”, or the 
"absolute activity”. 

It may happen that we are interested not so much in 
the number of molecules in a single quantum state i but 
rather in the number in a certain group of quantum states. 
In particular we may be interested in the distribution of 
molecules over the different energy levels, some or all of 
which may be degenerate. If then we denote by the 
degeneracy, i.e. the number of independent quantum 
states, of the energy level and by N, the number of 
molecules in this energy level at the temperature T we 
have 

Nr N, Nt 

Pr^-^rl^ ■ ■ ■ 

or 

Nr = 

where the activity A has the same value for all energy 
levels. 

If we denote by the fraction of molecules m a particu¬ 
lar quantum state i, specified by as many quantum num¬ 
bers as the molecule has degrees of freedom, then we have 

g-Ei/KP 
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where the summation in the denominator extends over all 
quantum states. This sum plays an important role in 
determining the equdibrium properties of molecules. It is 
sometimes called the '*sum of states'* (German "Zustand- 
summe") of the molecule but more usually in English 
the "partition function” of the molecule. It is denoted by 
the symbol Q. Thus 

where S# denotes summation over states, or by 

where denotes summation over energy levels. 

An important property of a partition function is that it 
can be factorized whenever the energy is separable with 
respect to several degrees of freedom. For example if each 
energy can be expressed as a sum 

E,^Ei+E:n + 

where the single dash, double dash and triple dash relate 
to different degrees of freedom or groups of degrees of 
freedom, each specified by its appropriate quantum num¬ 
bers, then we have 

0 = 0 ' 0 " 0 '" 
where Q' = 2, 

We shall call call Q\ Q", Q'" the partition functions for the 
respective degrees of heedom or groups of degrees of free¬ 
dom. 
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SEPARABLE, UNEXCITED AND 
CLASSICAL DEGREES OF FREEDOM. 

HARMONIC OSCILLATOR 

We recall that we describe several degrees of freedom 
as separable if the energy can be expressed as a sum of 
independent terms relating to the several degrees of free¬ 
dom. The partition function then factorizes into factors 
for the several degrees of freedom. One of the most im¬ 
portant cases of separation is between the motion of atom¬ 
ic nuclei on the one hand and of electrons, relative to the 
nuclei, on the other. This separation is a consequence of 
the great ratio of nudear mass to electronic mass. As a 
consequence of this separation we may in considering the 
motion of monatomic molecules treat the molecules 
(atoms) as partides and treat the motion of the electrons 
in the molecule (atom) as an independent problem. 

It may happen that in certain separable degrees of free¬ 
dom the difference between the energy of the lowest state, 
called the “groimd state", which for convenience we con¬ 
ventionally take as zero, and the energy of the next 
state is large compared with kT so that exp {-EifkT) is 
negligible compared with xmity. It follows a fortiori that 
exp {-EIkT) is for all the higher states negligible compared 
with unity. The partition function for this degree of free¬ 
dom then reduces for all practical purposes to unity and 
may for many purposes be ignored. Such a degree of free¬ 
dom is called "unexcited". 

Again it may happen that in a group of degrees of free¬ 
dom separable from all other degrees of freedom, but not 
necessarily separable among themselves, the energy differ- 
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ence between the lowest energy level, called the ''ground 
level" and conveniently taken as zero, and the next energy 
level is large compared with kT. The partition function 

Q = Po + Px^~^'‘^ + - 

then reduces effectively to the degree of degeneracy of 
the ground energy level. Such a group of degrees of free¬ 
dom is also described as "unexcited". 

The energy required to excite an electron in an atom or 
a molecule is usually comparable with an electron-volt, 
and the ratio of an electron-volt to Boltzmann's constant 
is about 1.2 x 10^ degrees. Consequently at ordinaiy 
temperatures of a few hundred degrees all electronic degrees 
of freedom may usually be regarded as imexcited. Conse¬ 
quently the electronic partition function of an atom or 
molecule is usually effectively equal to the degree of 
degeneracy of the lowest electronic state. Incidentally for 
molecules regarded as "saturated" = 1 so that the 
electronic partition function is effectively unity and may 
often be ignored. For free atoms may have other values, 
for example 2 for alkali metals and 4 for halogen atoms. 

The opposite extreme to an unexcited degree of freedom 
is a "classical" degree of freedom in which the separation 
between the energies of successive states is small compared 
with kT. For a classical degree of freedom the precise form 
of the quantization rule becomes unimportant and in the 
definition of the partition function the summation over 
states may be replaced by an integration. The translational 
motion of an atom in a chosen direction is such a classical 
degree of freedom. The only quantal information that we 
need to use for such a degree of freedom is that there is 
on the average one quantum state per area h in the phase 
plane. This means that for a particle moving freely be¬ 
tween two walls distant L apart the number of states 
with momentum between and + d^^ is Ldpjh. The 
energy, entirely kinetic, of such a state is pll2m where m 
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denotes the mass of the particle. Consequently the parti¬ 
tion function for the translational motion in the direction 
normal to the walls becomes 

Q = j exp {-—plIirnkT) dp. 

To evaluate this integral we use the substitution 

and so obtain 

^ (2mkT)*L f+oo , {2icmkT)*L 

Q = Hi J -oo - h - 

Many of the degrees of freedom encountered in practice 
are either classical, for example the translational motion 
of molecules, or unexcited, for example the electronic 
degrees of freedom of molecules. There are however some 
important degrees of freedom which are neither classical 
nor unexcited. Most of these are vibrational and can be 
treated as harmonic oscillations. This is fortunate because 
the partition function of a harmonic oscillator can be 
evaluated simply and exactly, as we shall now show. 

We recall that the quantum states of a harmonic oscil¬ 
lator of frequency v have energies given by 
+ i) hv (V - 0, 1, 2, ...) 

when the energy zero is taken as the state of rest. The 
partition function is 

This series is a geometrical progression and can therefore 
be summed exactly. We obtain 

We note the two limiting cases of an unexcited oscillation 
hv^kT 0 a; 
and of a classical oscillation 

kv^kT Q at kTjhv 
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IDEAL MONATOMIC GAS 

The characteristic property of a gas is that the average 
separation between a molecule and the nearest other mole¬ 
cule is large compared with the range of interaction be¬ 
tween a pair of molecules. Consequently the energy of 
mutual interaction of the molecules is unimportant com¬ 
pared with the translational kinetic energy of the mole¬ 
cules. For many purposes the energy of interaction may 
be neglected and when this is done the system considered 
is called an "ideal gas" or a "perfect gas". No real gas is 
ideal, but the more dilute it is the more it resembles an 
ideal gas. In this chapter we shall consider the most im¬ 
portant properties of an ideal gas composed of monatomic 
molecules. 

The three translational degrees of freedom of a mon¬ 
atomic molecule are separable from the electronic degrees 
of freedom. Consequently the partition function ^ of a 
molecule factorizes according to the relation 

Q = Otrans 0el 

where Straus relates to the 3 translational degrees of free¬ 
dom and Qei relates to the electronic degrees of freedom. 
Moreover, tlxe 3 translational degrees of freedom may be 
treated as classical and are themselves mutually separable, 
so that we may write 

Otrani ~ QmQyQ» 
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where Q^., Qy, relate to translational motion in the 
directions of the x, y, z axes respectively. 

Let us consider motion in the x direction and assume 
that the molecule is confined between two walls perpen¬ 
dicular to X and distant L apart. The number of quantum 
states for motion in the x direction in the element of the 
phase plane bounded "by x,x Ax, j>^, -f- d/>„ is dxdpjh 
and the energy of a molecule whose state is represented by 
this element is 

£ = r = Pll2m 

Consequently the fraction of molecules whose position 
lies between x and x + Ax and whose momentum lies be¬ 
tween p^ and py, + Ap^ is 


where 


exp (— pll2mkT) Axdpjh 

0 . 


Q. 



+ 0O 

dpt, exp {~pll2mkT)lh 

—oo 


We note that the sum by which is defined has been 
replaced by a double integral. It follows that the fraction 
of molecules with momentum between p^^ and + dp„, 
regardless of position, is 

exp (— p\l2mkT) dp ,, _ 

^+oo 

d;^, exp (— p\\2mhT) 

J —oo 


We notice that the factors hr^ have cancelled as in fact 
they always do for an effectively classical degree of free¬ 
dom. The integral in the denominator is evaluated by 
using the substitution 

p,==(2mkT)*i 


We thus obtain 
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/»+00 t 

f 6P, exp {-i>ll2tnkT) = i2ntkT)* dS exp (—f«) 
J -oo J^oo 

= (2TtmkTy 


Incidentally this is essentially the same calculation by 
which in the previous chapter we showed that 
Q, = (inmkTIh*)* L 


We now have for the fraction of molecules with moment¬ 
um between and dp^ 

(2icwAr)"* exp (— pllimkJ) dp^ 

If we depress this in terms of velocity instead of mo¬ 
mentum p^ = mu^, we have for the fraction/(«JdM, of 
molecules with velocity in the x direction between and 
«« + dM* 

/(«,) dM, = (2TzkTlm)~* exp (-—muHikT) du. 

This is called Maxwell’s distribution law after its discov¬ 
erer. The relation between /{mJ and is shown in fig. 1. 



From Maxwell’s distribution law we immediately obtain 
for the average kinetic energy of motion in the x direction 

, f+oo 

f, = {2nkTlnt)~* du,imul exp {— muHZhT) 

J — OO 
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Using the substitution 

w* = {2kT[m)^ S 

we obtain 

_ ^+oo 

r, ~ 7C”* kT df exp (—fa) 

j —oo 

Integration by parts gives 

-+00 -+00 

df ^ exp (—f*) = i df exp (— f») = 

•' —oo •» —oo 

so that 

r, = iAr 

The average kinetic ener^ of motion of a molecule in the 
X direction is thus ikT. Since the average kinetic energies 
of motion in the y and z directions obviously have the 
same values it follows that the total average kinetic 
energy of a molecule is 

f = lAT 

We shall now determine the pressure of a gas of N mole¬ 
cules in a volume V. For the sake of simplicity we shall 
assume that the gas is contained in a rectangular box, but 
the answer is not affected by this assumption. The pres¬ 
sure is due to the bombardment of the walls by the mole¬ 
cules and is equal to the transfer of momentum per unit 
area and per unit time from the molecules to the walls. 
Consider an element of wall of area A at right angles to the 
* axis and consider a molecule having velocity in the x 
direction approaching this wall. The condition that the 
molecule will reach the wall within the time t is that its 
distance from the wall should not exceed uj. Thus the 
number of molecules with velocity component which 
hit the element of wall in the time t is equal to the number 
of molecules with this velocity contained in a volume 
AuJ. To be more precise, the number of molecules with 
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velocity component in the x direction between m, and 
+ dM, hitting the element of area A in time t is equal to 

N 

yAuJf{u^) dM, 

We have ignored the velocity components in the y and z 
directions because these can only determine where a mole¬ 
cule hits the wall or which molecules hit a particular ele¬ 
ment of the wall, but can have no effect on the number of 
molecules hitting a given element. On the assumption that 
there is perfect reflection at the wall, each molecule on 
hitting the wall has its momentum in the x direction 
changed from >n«, to ->»«*, so that the momentum trans¬ 
ferred to the wall is 2 otm,. Consequently the momentum 
transferred to the element of wall in the time f by 
all molecules with velocity component between and 

yAuJf(u,) 2mu„ dM. = ^ At 2mf(u,) «• d«. 

To obtain the momentum transferred to the element of 
wall in the time t by all molecules we have to sum over all 
molecules moving towards the wall, i.e. over all positive 
values of We thus obtain 

E At 2m f°°dM,/(M,) mJ = ^ w 
V J Q Y J 

s=s ^At w «■ =* ^At hT 


Hence the momentum transferred to unit area of wall in 
unit time is 

and so for the pressure f we have 

N 
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If we denote the number of moles by n and Avogadro's 
number by N we have 

N^Nn 


so that 


pV = nmT 


or 

where 


pV flRT 
R^Nk 


We have thus identified Boltzmann’s constant k with 
the molecular gas constant equal to the molar gas constant 
R divided by Avogadro's number. 

We have also identified the absolute temperature T, 
first introduced in chapter 2, with the temperature in the 
equation of state of an ideal gas. Since in fact no gas is 
altogether ideal the accurate determination of absolute 
temperature requires a comparison of values at several 
pressures and extrapolation to zero pressure. 

Returning now to the energy, which is purely kinetic 
energy of translation, we see that the energy per mole is 
and its temperature derivative called the molar heat 
capacity at constant volume is ^^R. This value has been 
confirmed experimentally for the inert elements He, Ne, 
A, Kr, Xe and the metallic vapours Na, K, Hg. 



Chapter 6 


FREE ENERGY AND TOTAL ENERGY 

We obtained the formula for the pressure of a perfect 
gas composed of monatomic molecules by essentially 
kinetic considerations. We shall now rederive the formula 
by a more general and more powerful method making use 
of the properties of partition functions. 

We begin by extending the conception of partition 
function to a set of several molecules. In the first place 
we shall consider just a pair of molecules a and b. Then, 
neglecting any interaction between the two molecules, 
we have in any state of the pair that its energy is equal to 
the sum of the energies of the two molecules a and b. 
Consequ^tly it would seem that the partition function Q 
of the pair of molecules should be equal to the product of 
the partition functions Q^. of the two molecules. This 
would in fact be correct if the two molecules were distin¬ 
guishable. If, on the contrary, the two molecules are iden¬ 
tical then we should be wrong in assuming that an inter¬ 
change of state between the two molecules would change 
the state of the pair. The correct relation which takes 
account of the indistinguishability of the two molecules is 
therefore 

0P»lr ~ (0molecule)*/2 

Similarly the correct relation between the partition func¬ 
tion of a system of N identical molecules and the partition 
function of an individual molecule is 

^system = (Smolecule)'^/-^! 
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We axe now ready to obtain a general relation between 
the pressure f and the partition function ^ of a system 
containing many molecules. We begin with the elementary 
formula for the work w done on the system when its 
volume is increased from V to V -{■ dV 

w = —p dV 

We now require a molecular interpretation of w in accor¬ 
dance with quantum theory. For the sake of simplicity 
we suppose the molecules to be contained in a cubical box 
of edge L and volume V. Let us begin by imagining that 
the N molecules were all in the same quantum state spe¬ 
cified by the quantum numbers The energy of 

each molecule would then be 


If all the molecules were in this state and remained in 
this state, then as the volume changed the energy of the 
N molecules would change according to the relation 

iV-dE = 


and dEjdV can be evaluated from the above formula 
for E, If we further assume that the increase in energy 
N dF is equal to the work w done on the system, it follows 
that 

^ _ xr _ d-Csystem 

^ dK” dV 


where ^system = is the energy of the system of N 
molecules. 

Up to this point we have considered the highly artificial 
condition that all the molecules axe in the same quantum 
state. We now consider the more realistic condition that 
the molecular states have their equilibrium distribution 
corresponding to the temperature T and that as the vol- 
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ume is changed the distribution is maintained at that 
corresponding to the temperature T. The number of mole¬ 
cules in the state i of energy is 

Multiplying this by -dEJdV and summing we obtain for 
the pressure 

When we recall the definition of the molecular partition 
function ^molecule 

Qmolecule = e 

we see that we have 

p = Hh'T ^ ^molecule 

j. _ <1 hi Gsystem 

-- 


We now define a quantity F called the free energy of 
the system by 

F = —hT In {^system 

and can then rewrite the formula for the pressure as 





(constant T) 


or as 


<LF = —pdV (constant T) 


or as 


djp = w 


(constant T) 


The last formula, which we have derived in the special 
case of a perfect gas, has in fact a much wider range of 
validity and may be considered of general application to 
any system. We see that if a system is kept at a constant 
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temperature T the work w done on the system is equal 
to the increase in its free energy. Thus in a system kept at 
a constant temperature the free energy plays a role ana¬ 
logous to that of potential energy in a mechanical, i.e. 
temperature-independent system. 

We have already obtained an expression for the average 
translational energy of a molecule in a system at temper¬ 
ature r. We shall now obtain a more general expression 
for the average total energy of a molecule. From the distri¬ 
bution law we obtain for the average energy per molecule E 

We can express this in terms of the molecular partition 
function ^molecule 23 

1^ ^ 0IllOlCCUl6 

ii 

Consequently the total energy 1/ of a system of N mole¬ 
cules at temperature T is 

U -- ^ ^ Qmolecule _ ^ j, d In Qeyetem 


Dropping the subscript system we have 
F = ^kT In Q 


U=^kT^ 


dine 

dr 


from which it follows that 


.d(F/r) 
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The relation between the total energy U and the free 
ener^ F is called the Gibbs-Helmholtz relation. In the 
particular case that F is independent of T, as in a purely 
mechanical system, then U is equal to F. In all other cases 
U is not equal to F. The difference U—F has a simple phy¬ 
sical meaning. Consider a fluid system, not necessarily 
a gas, surrounded by a temperature-bath (thermostat). 
Suppose that work w is done on the system, e.g. by 
compressing it. Then dF is equal to the work w done on the 
g^stem and dU is the total energy change of the system. 
Hence by the principle of conservation of energy d{U-F) 
is equal to the energy transferred to the system (from the 
temperature-bath) so as to maintain its temperature con¬ 
stant. In other words the heat q absorbed from the temper¬ 
ature-bath is d{U-F), 

We recapitulate using A to denote the increase of a 
property in a change at constant temperature T: 

w == AF 


^dAF 

!--TA 


tu 


+ ,_A(F_rg) 



= AU 


These properties of free energy F and total energy U 
are not confined to fluids but hold generally for any 
physical system. We shall give two illustrations. As our 
first example we choose an extensible spring. If I denotes 
the length of the spring when subjected to a tension JC 
and Z® the length of the unextended spring, we have 
according to Hooke's law 


where k is independent of X but may depend on the tem¬ 
perature. The work required to extend the spring to a 
length Z is by definition 
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•JQ Jq ^ 

Since k may depend on the temperature, the integration 
can be performed immediately only for constant temper¬ 
ature conditions and the work done on the spring is then 
equal to the increase in its free energy F, If we conven¬ 
tionally take jp = 0 for the unstretched spring, we obtain 

F = (I — 

The corresponding formula for the total energy of ex¬ 

tending the spring is 

u = \(k-T^{i-iyiio 

and the heat that has to be supplied to the spring to keep 
its temperature constant during its extension is 

As our second example we choose a parallel plate con¬ 
denser. Let A denote the area of each plate, ± Q the charges 
on the plates, L their distance apart, and t the permitti¬ 
vity of the medium between the plates. The potential 
difference V between the plates (in the rationalized system) 
is given by 



The work required to charge the condenser is 

Since e usually depends on the temperature, the integral 
can be evaluated immediately only at constant temper¬ 
ature and the work done on the condenser is then equ^ to 
the increase in its free energy. If we conventionally take 
F = 0 for the uncharged condenser, we obtain 
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F = 


W 


2eA 


The corresponding formula for the total energy of 
charging the condenser is 


U 




ZA 


and the heat that has to be supplied to the medium to keep 
its temperature constant during the charging process is 




2A 


Both these examples, and many others, serve to illu¬ 
strate that, on the whole, the free energy is a simpler 
quantity than the total energy. This is quite the reverse 
of the impression conveyed by many elementary physics 
text-books. 



Chapter 6 


EQUILIBRIUM 

In our discussion of isothermal changes of volume we 
have hitherto tacitly assumed that at eveiy stage the 
pressure has a well-defined value determined by the 
volume and the temperature. In other words we have as¬ 
sumed that at every stage of the expansion or compression 
the system was in hydrostatic equilibrium. Such a change 
may be called “quasi-static" since at no stage is any large- 
scale kinetic energy acquired. Such a change is also some¬ 
times called “reversible" because the sequence can be 
reversed. 

A completely different kind of change, to which the 
above assumptions are altogether inapplicable, is the sud¬ 
den expansion of a monatomic gas which occurs on the 
opening of a tap. The gas has well-defined values of 7, T, 

before and after expansion, but during the expansion 
while large-scale kinetic energy is developed neither p nor 
T is well-defined. We shall now investigate the change in 
the partition fxmction and in the free energy when a tap 
separating two gases is opened. We shall assume that the 
whole system is contained in a thermostat so that the 
initial and final temperature are the same. 

We assume that in the initial state there are iV'(l-f) 
molecules contained in a volume 7' and Nr molecules 
contained in a volume V'. In the final state the whole 
volume 7' + 7^ is available to all iV molecules. Since the 
molecular partition function is proportional to the volume 
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V of the container it will be convenient to write 

^molecule ^ ^ V 

where q is independent of V. In the initial state of the 
system the partition function of the gas confined to the 
volume V' is 

and that of the gas confined to the volume V" is 

(Nr)! 

Consequently the partition function Qi of the whole is 

O _ (qVY' 

(2q — Nr)l (Nr)! 

Whereas in the initial condition the value of r is prescribed, 
in the final state all values of r between 0 and 1 are pos¬ 
sible. Consequently the partition function in the final 
condition is 


0.= 


yr-ir 

Jfr^o (N — Nr) 1 (Nr )! 


or from the binomial theorem 


_ (qV' + qV')^ 

Nl 

It is physically and mathematically obvious that 
0>>0x 

This is merely one simple example of a general proposi¬ 
tion. When some restraint is removed, e.g. by the opening 
of a tap, and the system changes to a new state of equili¬ 
bria at the same temperature as that of the initial con¬ 
dition, the change is accompanied by an increase in the 
partition function. Since the free energy F is defined by 

F =: —In Q 
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the isothennal attainment of equilibrium is accompanied 
by a decrease of the free energy. We shall now study this 
decrease quantitatively. We have 

P,-i7. = Arin& 

\ iav' + (mi I 

I m (qV')^-^'(gVY'j 


= JiTln 


(V' + Vi^ 


Arin 


N\ 

(N — Nr)\(Nr)\ 


Since iV is a large number we now apply Stirling's approxi¬ 
mation 

IniV! = JV'lniSr — 


and we obtain 


^LZz£2«inJil±J^ 

NkT 


In 


1 


==(l-f)ln 


(1—f) (F^+ rO 


+ yln . . . - 


It can be verified that this expression is never negative 
and consequently that F» is never greater than Pj. So far, 
so good. But in the particular case of 

V' 

V' ^ ^ P'' 4- p--' - ^ 


the expression becomes zero. Hence in this particular case 
it appears that = Fj, whereas we previously saw that 
F, must always be less than F^, so that we have an appa¬ 
rent contradiction. This paradox is resolved when a more 
accurate form of Stirling's approximation is used. It is then 
found that (Fj — Fj) jNkT is positive but of the order 
and so physically negligible. 

The physical interpretation of this situation is as fol¬ 
lows. In the final state of equilibrium with the tap open 
all values of t are possible states, but there is an over- 
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whelming majority of states in which the molecules are 
distributed almost exactly uniformly between the two 
volumes. Consequently in the partition function Q re¬ 
garded as a sum 

Q = ^rQ{r) 

the terms in which r is exactly or almost exactly equal to 
r* ^ V"I (V + V'') completely swamp all the other terms. 
As a consequence of this the ratio of ^ to ^ (r*) is a num¬ 
ber of the order TV* whereas itself is of the order N^. 

When we take logarithms to obtain the free energy we 
find that 

F (all possible r) — F (r = r*) 

NkT 

is of the order 2^“* which is physically entirely negligible. 

Since an understanding of this behaviour is specially 
important, we shall discuss another parallel case namely 
the attainment of chemical equilibrium between two iso¬ 
mers, e.g. cis and trans dichloro-ethylene. Consider a 
mixture in which the fraction 1 — r is cis and the fraction 
r is trans. We suppose that initially the conditions are 
such that transformation of one form to the other is 
negligibly slow. We next suppose that by the introduction 
of an active catalyst the transformation of either form to 
the other is accelerated so that equilibrium is attained. 
The system is supposed to be contained in a thermostat 
so that the final temperature is equal to the initial temper¬ 
ature. 

We have initially 

—Nr)! (Nr) I 

and finally 

irr-o{N — Nr)l (Nr)l 

which by use of the binomial theorem reduces to 
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n _(Qcis + Gtrans)”^ 

- m - 

It is mathematically and physically obvious that 
02 > 01 

and consequently 

i'2<i^l 

The value r* of r which maximizes Qi is given by 

_ 0tranB 

l—r* QoiB 

If then r has initially the value r*, we have by Stirling's 
approximation 

hi 01 = 111 (0clB + 0trans) 

+ (N — Nr*)hi(l — r*) + Nr* Inr* 

— (N — Nr*) In (N — Nr*) — Nr* In (iVf») 

+ (N — Nr*) + Nr* 

S= hi 0tran8)'^ 

Nt 

-hx0, 

and consequently to this approximation 
^2--Fi(^*) 

Thus the free energy decrease, while always positive, is 
effectively zero when the initial condition was r = r*. In 
other words, in the state of chemical equilibrium induced 
by the catalyst, all values of r are possible, but in fact 
this equilibrium state differs insignificantly from the 
state in which r is "frozen" at the value r*. Thus at 
equilibrium r has the value which maximizes Q or mini¬ 
mizes F at the given temperature. This statement holds 
for all kinds of equilibrium, not merely the two examples 
discussed above. 
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EQUIPARTITION OF KINETIC ENERGY 

In the days before quantum theory there was formulated 
a principle called the "principle of equipartition of en¬ 
ergy". There were various alternative formulations, but 
whichever of these was chosen the principle was found in 
some cases to be in agreement with experiment but in 
others in violent disagreement. The apparent anomaly is, 
like many other anomalies of classical theory, completely 
cleared up by quantum theory. The principle is in fact 
superfluous because it leads only to conclusions which can 
be derived directly without any use or mention of the 
principle. Since however the principle is still sometimes 
quoted, it seems just worth-while discussing its correct 
formulation and applicability. This is the object of the 
present chapter, which may however safely be skipped by 
the reader who is not interested. 

In classical degrees of freedom it is allowable to consider 
the distribution with respect to kinetic energy and with 
respect to potential energy separately. For the particular 
case of the translational motion of a particle this is clear 
from the treatment already given i^i chapter 4. 

The kinetic energy T of the translational motion of a 
particle of mass m is expressed in cartesian coordinates by 

r + if* + ir*) 

The expression for the same quantity in spherical polar 
coordinates is 
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r = Jw (fa H- sin* 5 y>*) 

In cylindrical coordinates it is 

T = im (fa + ya + i*) 

We quote these formulae merely to illustrate the fact that, 
whichever coordinates are used, the kinetic energy is the 
sum of three terms (because there are three degrees of 
freedom) each proportional to the square of the time 
derivative of a coordinate. This can be generalized for 
more complicated examples of kinetic energy such as the 
rotational motion of a rigid body. The kinetic energy in f 
degrees of freedom can be expressed as the sum of f terms 
each proportional to the square of the time derivative of 
a coordinate. It follows mathematically from this that 
for a set of f classical degrees of freedom 

CklnOcT*^ 

where denotes the factor in^ coming from the kinetic 
energy. It follows immediately that the average value of 
the kinetic energy in these degrees of freedom is 

Skin = AT* = ifkT 

This formula expresses the principle of equipartition of 
kinetic energy, which may be stated as follows. The aver¬ 
age kinetic energy in each classical degree of freedom 
is ikT. 

There exists no principle of comparable generality re¬ 
lating to potential energy. The average potential energy- 
in a classical degree of freedom depends very much on 
the nature of the degree of freedom. The only system for 
which the principle of equipartition contributes anything 
useful concerning the potential energy is the harmonic 
oscillator, and of course only when it is effectively classi¬ 
cal. In this system, and only this system, the average 
potential energy (when that of the equilibrium position is 
taken as zero) is equal to the average kinetic energy and 
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SO equal to ikT. Consequently the average total energy of 
a classical harmonic oscillator is kT. This can be verified 
from the formulae for a harmonic oscillator obtained in 
chapter 3. When the energy zero is taken as a state of rest 
at the equilibrium position, the partition function is 

Q = (l — er^io)-^ 


The average energy is therefore 


£ = AT* 


dln0 

dr 


== ihv + 



If we denote hvjkT by y and expand in powers of y we 
obtain 


£ = AV + y-l(l + Jy + 

= Ar(H-*y»+ ...) 

so that 

£ HT 0 as r oo 

in agreement with the classical principle of equipartition. 
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SIMPLE CRYSTAL 

We shall consider only the simplest crystals namely 
those built of single atoms of one element. This class in¬ 
cludes the metals. The electronic degrees of freedom 
may be assumed to be unexcited and will therefore be 
ignored. There remain the translational degrees of freedom 
of the atomic nuclei, three for each atom or 3iV in all for 
a crystal containing N atoms. The translational motion 
consists of vibrations of the atoms about their equilibrium 
positions and the vibrations will usually be of sufficiently 
small amplitude to be regarded as harmonic. The partition 
function of the crystal will be of the form 

{^cryeUl = Q* 

where Q^ denotes the partition function of a harmonic os¬ 
cillator with frequency The main problem consists in 
the determination, by theory or experiment, of the 3N 
natural frequencies of the crystal or, we may say, of the 
crystal's spectrum. This problem is so complicated as to 
be practically insoluble unless some approximation is made. 
Various approximations have been used with various de¬ 
grees of success. We shall consider in detail only the sim¬ 
plest and earliest of these approximations, that proposed 
by Einstein. This approximation consists in replacing the 
product of 3N different Q/s by that of 3N equal QiS cor¬ 
responding to a single characteristic frequency r. With this 
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approximation we have, taking as energy zero that of the 
lowest quantum state, 

Such an energy zero will, owing to the thermal expansion 
of the crystal, not be independent of the temperature. It is 
safer to use an energy zero such as that of the atoms at 
rest at infinite separation. We then have 

Ccmui = (1 

where x denotes the energy required to take an atom from 
its equilibrium state of rest in the crystal to a state of rest 
at infinite dispersion. 

For the free energy of the crystal we deduce 
F = —kT In ^crystal 

= ^Nx + \mv H- ^NkT In (l — 

Both X and v must be regarded as dependent on the vo¬ 
lume. The pressure is given by 
dF 

^dy dv 

dv ® dv 1 


where v = VJN is the volume per atom. Ordinary pres¬ 
sures, e.g. atmospheric, are from the present point of view 
negligible so that the above relation does not differ sig¬ 
nificantly from 


U 


dv 


dv ^ dv _j ■ 


This relation between dxfdv and dvjdv determines the 
equilibrium value of v the volume per atom at each tem¬ 
perature and so determines the thermal expansion. There 
is no ground for the statement, sometimes met in text- 
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books, that thermal expansion is inconsistent with the 
atomic vibrations being simple harmonic. 

For the total energy of the crystal we derive 


U 



= —Nx + \Nhv -j- 


ZNkv 

1 


As the temperature tends to zero 

U ^ — Nx ^ iNhv (T^O) 

and we recall that this is relative to the infinitely disperse 
gas as energy zero. If on the other hand we use as energy 
zero the state with all atoms at rest at their equilibrium 
positions in the crystal we have 

U i-Nhv (T 0) 

This residual vibrational energy at the absolute zero is 
called in German "'Nullpunktsenergie'". The correct literal 
translation of "'Nullpunkt*' is absolute zero and so the 
literal translation of "NuUpunktsenergie'* is ^'absolute- 
zero energy'’, which might reasonably be contracted to 
"zero energy”. The current expression "zero-point energy” 
is an unfortunate mistranslation. 

It is usual to introduce Einstein’s characteristic tem¬ 
perature 0B defined by 

©jj = hvjk 


and U becomes in terms of this 


U = —Nx + iNkSj^ + 




For the heat capacity at constant volume we obtain 

dir SNheilT* 
^•■"dr”(e«»B/2’—1)» 


which can be rewritten in the tidier form 
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c, = sm 


f i&isIT 1 « 
Isinli (i@E/r)/ 


For one mole (gram atom) of crystal this becomes 



where 


y = e^lT = hvIkT 

The function (J-y/sinh ij/)*is shown plotted against 1/^ in 
fig. 2. We note that for large values of l/y, that is at high 



Fig. 2 


temperatures, the function approaches unity and C, ap¬ 
proaches the value 3i2. This behaviour corresponds to the 
empirical law of Dulong and Petit. 

At temperatures down to 

r ©u/s 

experimental data on metals can be fitted quite well by 
Einstein’s formula with suitable choice of the parameter 
@E. but at temperatures much below 0^/3 Einstein's for¬ 
mula predicts a much more rapid decrease in C, than ac¬ 
tually occurs. In order to obtain agreement between 
theory and experiment in this region it is necessary to 
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make more realistic assumptions concerning the vibration 
spectrum of the crystal. 

The simplest and best known improvement on Einstein's 
approximation is that of Debye. In this approximation 
the number of natural frequencies in the range vtov + dv 
is taken to be proportional to y®, as in the spectrum of a 
continuum, up to a maximum frequency Vma.x so chosen 
as to give the correct total number of frequencies 3iV. We 
shall not here give details of this approximation, but only 
mention a few of its implications. It is usual to introduce 
a characteristic temperature 0 d defined by 

= hvm^xl^ 

When the value of 0 d is appropriately chosen, the agree¬ 
ment between theory and experiment is just as good 
as in Einstein's approximation at temperatures down to 
T cii ,0D/4:. The values of ©e and 0jy which fit the same 
measurements in this range of temperature are inter¬ 
related approximately by 0E = 0.76 ©D- It is evident that 
©B must be less than ©d, since k0j)lh is a maximum fre¬ 
quency whereas ^©e/^ is a kind of average frequency over 
■^e range between 0 and k0j)lh. At temperatures below 
T ©d/ 4 Debye's approximation fits much better than 
Einstein's. In the limit Debye's approximation 

leads to the law oc T* in satisfactory agreement with 
experiment at temperatures down to about 1°K. At still 
lower temperatures there are further complications related 
to the behaviour of the electrons, which we shall not 
discuss. 
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IDEAL DIATOMIC GAS 

We turn now to a consideration of an ideal gas com¬ 
posed of diatomic molecules. Apart from the electronic 
degrees of freedom, which are usually unexcited and which 
we shall here ignore, there are three degrees of freedom for 
each atom or six in all. It is most convenient to use the 
following six coordinates for the molecule: three cartesian 
coordinates y, z for the position of the centre of mass 
of the molecule; spherical polar coordinates r, 0 , (p for the 
position of one atom relative to the other. The motion of 
the molecule is then separable and the partition function 
Q then factorizes as follows 

Q = j^trans Qtot Qvib 

where ^trans relates to the three translational degrees of 
freedom described by a;, y, z\ Q^ot relates to the two rota¬ 
tional degrees of freedom described by 0, 9 ?; ^vib relates 
to the mutual motion of atoms along the molecular axis 
represented by r. We emphasize that there are two rota¬ 
tional degrees of freedom because the orientation of the 
molecular axis requires two coordinates 0 , (p for its de- 
scription. The statement sometimes met in text-books that 
the molecule can rotate about two axes is nonsense; the 
molecule can in fact rotate about any one of an inhnite 
number of axes, but only about one at a time! 

The partition function Straus has exactly the same form 
as for a monatomic molecule, namely 
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0 .„. = (2)^V 

where m is the molecular mass and V the volume. The 
mutual motion of the two atoms along the molecular axis 
is a vibration about an equilibrium position r = re and 
provided the amplitude is not too great, a condition usu¬ 
ally fulfilled, this may be regarded as simple harmonic 
motion with a frequency v. Consequently 

0yib = e-**’' (l 

It remains for us to say something about Qrot- We shall 
merely quote the formula for ^rot and shall show that it 
has the form which might reasonably be expected without 
giving a formal derivation- Provided the rotational de¬ 
grees of freedom are classical the formula obtained is 

where I denotes the moment of inertia of the molecule, for 
an unsymmetrical molecule such as CO and 
^ 4 k l2T:IkT\ 

for a symmetrical molecule such as Ng. When we compare 
the formula for ^rot with that for ^trans we note the fol¬ 
lowing points 

(a) The moment of inertia I in ^rot corresponds to the mass 
w hi ^trans- 

(b) The expression in brackets in ^rot is raised to the 
power 2/2 because the number of rotational degrees of 
freedom is 2 whereas the number of translational de¬ 
grees of freedom is 3. 

(c) The solid angle in ^rot corresponds to the volume V 
in <?traiis* 

(d) The extra factor i in ^rot for symmetrical molecules 
takes account of the fact that when such a molecule 
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is reversed the final state is not distinguishable from 
and is consequently the same as the initial state. 
Since ^trans has exactly the same form as for a mona¬ 
tomic molecule, while 0rot and ^vib are independent of 
the volume of the container, the pressure p is given by 

^ Ar&T^ dlng _ Gtrans 

just as for a gas of monatomic molecules. 

We now pass on to consider the total energy of the gas. 
We have 


U — £trans 4* ^rot + -^vlb 

where the subscripts attached to E have the same signifi¬ 
cance as those attached to We shall consider the three 
terms separately. 

For the translational energy we have precisely as for 
monatomic molecules 


^txans = = INkT 

For the rotational energy we obtain similarly 

= NkT 

in agreement with the equipartition of kinetic energy 
since there are two rotational degrees of freedom. 
Finally for the vibrational energy we obtain 

= NkT* 


or 


= iNhv -J- 


Nhv 


where ©v is a characteristic temperature related to the 
vibration frequency v by 
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0v = hvjk 

By addition we obtain 

e ■ X 


We deduce for the heat capacity 

^.-s=“[*+{=fein 


For one mole this becomes 


9i 

R 



sinh (i0v/r) 




The function { }* has already been discussed in chapter 

8 in connection with crystals. The value of C^jR tends to 
f at low temperatures and to ^ at high temperatures. 

The value of v, and so that of ©y, for each diatomic 
molecule is determined from spectroscopic measurements. 



The formula for Cv can thus be compared with expon- 
mental measurements. There is excellent agreement for 
nitrogen (0v = 3350°), oxygen (©y = 2240°), carbon mon- 




46 


IDEAL DIATOMIC GAS 


oxide (0v = 3080°) and chlorine (0y = 796°) as can be 
seen from fig. 3.* 

As already mentioned we have in our formulae assumed 
that the rotational degrees of freedom are classical. 
Whether they are in fact classical depends on the moment 
of inertia of the molecule. Investigation shows that the 
rotational degrees of freedom of all diatomic molecules 
except Hjs, HD and Da are classical, but that these three 
molecules owing to their small moments of inertia are 
exceptions. They in fact have values of C^/i? less than f 
and falling to f at low temperatures. This behaviour is 
entirely in agreement with theory, but we shall not here 
give details. 


* Copied by permission of the Cambridge University Press from 
''Statistical Thermodynamics'' by Fowler and Guggenheim. 
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PHASE EQUILIBRIUM 

The temperature and pressure of a single phase can be 
varied independently, but when two phases, for example 
liquid and vapour, of a single substance axe present to¬ 
gether in mutual equilibrium then the temperature and 
pressure are not independent. Thus in the case of liquid- 
vapour equilibrium at each temperature there is a well- 
defined saturated vapour pressure. At any lower pressure 
the liquid phase would evaporate and at any higher pres¬ 
sure the vapour phase would condense. 

Let us then consider two phases, for example liquid and 
vapour, of a single substance in equilibrium with each 
other at a temperature T which determines the pressure p. 
We suppose the two phase system to be contained in a 
cylinder closed by a piston subjected to a pressure />, the 
whole being surrounded by a temperature bath at temper¬ 
ature r. Then by slowly moving the piston out or in the 
relative amount of the two phases can be varied at con¬ 
stant r, p. We consider a change of volume from to 7#. 
We assume that two phases are present throughout; that 
is to say we must not continue the expansion or compres¬ 
sion so far that either phase disappears. We choose as in¬ 
dependent variables T, V and regard the free energy F and 
total energy U as functions of T, 7. The pressure p is also 
a function of T, but is independent of 7. We use the sub¬ 
script 1 to denote the initial state when the volume is 
Vx and the subscript 2 to denote the final state 2 when 
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the volume is r*- We must emphasize that Fi, Fa are 
arbitrarily chosen, but once chosen are constant; they are 
in no sense temperature-dependent. 

In the change from Fi to Fa we have 


= —j%dV = 


Since 




U,f=F^ — T 


dr 


we deduce 

U,-U, - ^p-T^yv,-V,) 

which can be rewritten 


dr Vi—Vi 

_ ^(U + PV) 

AV 


where A denotes the increase of a quantity in the change 
1 2. This important relation is due to Clapeyron. 

We note that the numerator A {U + pV) has a simple 
physical meaning. During the phase change the*work w 
done on the system and the heat q absorbed from the 
thermostat are determined by 

w + q — AU 

w =*= ‘-pAV = —A(pV) 

and consequently 

^ = A(?7 + pV) 

In other words A {U + :^F) is the latent heat of the phase 
change for a quantity of substance such that the expansion 
is AF. 
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The linear combination U + PV often occurs in for¬ 
mulae relevant to processes taking place at constant pres¬ 
sure. This quantity U + PF is usually denoted by H and 
has a variety of alternative names of which "heat func¬ 
tion” and "enthalpy” are examples. In this notation 
Clape 5 nron's formula becomes 

dr~ AF 

In the particular case that the first phase is a liquid or 
solid and the second a .vapour it is useful to introduce 
certain approximations. In the first place we treat the 
vapour as a perfect gas so that for one mole Fg == RTjp. In 
the second place we neglect the volume of liquid or solid 
compared with the volume of the same quantity of gas. 
If we now let AH denote the latent heat of evaporation or 
sublimation of one mole, we have 
dp_ AH 
dr ” RTIp 

which can be rewritten as 

If we further regard AH as independent of temperature, 
we can integrate and obtain 

Inp ^ const.—^ 

If then In is plotted against 1/T we obtain a straight 
line of slope «AH/i?. 



Chapter H 


DIELECTRIC CONSTANT OF A GAS 


In this discussion of dielectrics rationalized quantities 
will be used. Any reader preferring unrationalized quan¬ 
tities need merely replace Cj by eo/47t and e» by ea/in 
leaving e unchanged. 

We consider a parallel plate condenser. We denote the 
charge density on the plates by ± a, the electric field be¬ 
tween the plates by E, and the “polarization’', or electric 
moment per unit volume, in the medium between the 
plates by P. We further denote the absolute permittivity 
of the medium by ea ^d the permittivity of empty space 
by Co. We have then according to standard electrostatics 


<y = eJE 
<T — P = eJE 

SO that 

p=-(ea —eo)J5==(c—l)c^ 

where s, defined by e = Ca/®o» is called the relative per¬ 
mittivity nr dielectric constant of the medium. 

From the physical meaning of P we have 

P^CJi 

where C denotes the number of molecules per unit volume 
and [A the average value of the component in the direction 
of the field of^the electric moment of a molecule. This 
average value [i is the sum of two terms 

Ji ^ yE + fi cos 6 
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where y is the polarizability of the moleoile, fx is the abso¬ 
lute value of the permanent electric moment of the molecule 
and COS0 is the average value of the cosine of the angle 
between the permanent electric moment of the molecule 
and the field. 

From the last three formulae we deduce 
C (yE + jx cos 6) — (e — 1) SqE 


or 


(e — 1) _y /* cos 0 

Our chief interest lies in the determination of cos 6. We 
consider a molecule whose electric moment makes an 
angle with the field between 0 and 0 -f d0. Such orien¬ 
tations fill a solid angle 2tz sin 0 d0 and the interaction 
energy between such a molecule and the field is -/xE cos 0. 
Hence by Boltzmann’s distribution law 


COS0 =s 


cos 6 exp (/iE cos 6lkT) 27r sin 0 dd 

lo _ 

I exp (jxE cos OikT) 2x sin 0 dd 
J o 


We use the substitutions 


{ = cos S/kT y = fxEjkT 


and obtain 


COS0 = 




The integrals can be evaluated exactly, but since in prac¬ 
tice always, it is adequate and more convenient 
to expand the exponentials and retain only the leading 
terms. We thus obtain 
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We obtain finally 

g — l ^ y I A** 

C fio 3eo^r 

Hence if (e — 1)/C is plotted against l/T we obtain a 
straight line of slope An example is shown in 

fig. 4 which relates to ammonia. Here Co denotes the 



Fig. 4 

number of molecules per unit volume at s.t.p. From the 
straight line we deduce 
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We have also 




- 0.602 X 10*‘ 

^»° W x 10» ^ 


fiQ = 4 tc esc* erg"*^ cm~^ 

(esc here denotes electrostatic unit of charge) 
k = 1,38 X erg deg^i 
From this we obtain 


iw* = 2.24 X 10“** esc* cm* 
II = 1,60 X 10”^* esc cm 
The unit 10“i* esc cm is called the Debye. 



Chapter 12 


CHEMICAL equilibrium 


Rather than give a general treatment embracing all 
types of chemical equilibrium, we shall try to bring out 
the essential points by the consideration of two simple 
examples. 

As our first example we consider the equilibrium in the 
gas phase between two isomers such as the cis and trans 
forms of dichloro-ethylene. This problem has already been 
briefly mentioned in chapter 6. If we define ^cis ^ the 
partition function obtained by summing the Boltzmann 
factors over all quantum states corresponding to the cis 
form and define Straus similarly, then the equilibrium 
ratio of the numbers of the two isomers is given by 


^cis _ QcIb 
^ tran® Qtr ana 

In using this formula we must take care that we choose 
the same zero of energy for both kinds of molecules. It is 
usually more convenient to define each partition function 
relative to.the ground state of the molecule as energy zero. 
If we do this, we must replace the last formula by 


•^clt _ Qcis 
^ trans Qtr ang 


exp 


I wang — E%u 

\ kT 


where denotes the energy of the ground state. 

Each of the can be factorized into translational 
factor and a remaining factor for all the remaining 
(internal) degrees of freedom including rotations of the 
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molecule and mutual vibrations of the atoms in the mole¬ 
cule. Since the two isomers necessarily have the same 
mass, the two translational partition functions are equal 
and so cancel. Consequently the equilibrium condition 
reduces to 

^cla Qinii els / -Etr ang — mi,\ 

•^trans Qintt trans \ kT ) 

where the right hand side is determined by the temper¬ 
ature and the specific properties of the molecules. It is 
called the equilibrium constant. 

We turn now to our second example, the dissociation 
equilibrium of iodine 

If we use the subscript 1 to relate to monatomic I and the 
subscript 2 to relate to the molecule Ij, the relations be¬ 
tween the number of molecules, the activity and the par¬ 
tition function are 

for the two species respectively. It will be shown that the 
condition for equilibrium between the two species is 

= 

which is equivalent to 

0a 

We consider a mixture of atoms I and iV, molecules 
I, and initially we consider the values of Ni and iV* to be 
fixed (“frozen"). The partition function of the "frozen" 
mixture is then 

01ro«n - 

We now suppose that, for example by the introduction of 
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a catalyst, the values of Ni and become free to change. 

The partition function of the "thawed mixture" is 

Gtlnired 

•where the sununation extends over all values of Ni and iV, 
consistent with the conservation of iodine atoms, that is 
to say subject to the restriction 

Ni + 2N^ = const. 

In the thawed condition all sets of values of Nx, sub¬ 
ject to this condition contribute to the sum but there is 
an overwhehimg majority of terms in which N^, do 
not differ significantly from their values in the maximum 
term. Consequently the equilibrium values of iV'^, are 
the values NI, N\ which maximize the summand. Instead 
of seeking the inaximum term it is more convenient to con¬ 
sider the logarithm of this term. By diff erentiation we 
find that it is determined by 

]n^dJ/, + lng|<W, = 0 

subject to 

dNi + 2dN, = 0 

Eliminating dNJdNt we obtain 

or dropping the asterisk 

m-Qi 

which is the relation we set out to derive. In using the 
above formulae we must take care to use a consistent zero 
of energy. If on the other hand we choose to define Qi 
relative to the ground state of the I atom and Q, relative 
to the ground state of the I. molecule, we must use instead 
the formula 
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where D denotes the energy required to dissociate an 
iodine molecule Ij in its ground state (at rest) into two 
iodine atoms each in its ground state (at rest). 

We now consider the structures of and in turn. 
In Qi we have a translational factor 



and an electronic factor. We recall that electronic degrees 
of freedom are unexcited so that the electronic partition 
function reduces to the degree of degeneracy of the ground 
state. As mentioned in chapter 3 this is unity for saturated 
molecules, but the I atom is not a saturated molecule and 
in fact for I 

Qv el = 4 

For the molecule. I, we have as described in chapter 9 

^ 4:7V %7VlkT 

fefa, rot — 2 }i% 

_ 4ir Tzmid^kT 

■"T 

where d denotes the distance apart of the two atoms in 
the la molecule. We also have 

Q„vib = 

Qti el = 1 

Combining all these formulae and using C = NjV to 
denote molecular concentration, we obtain 

Cf ^ 16 (27VfnikTlhy (l -- 

{4knmikTlh<^} I {27zhnid*kTlk*) 

... 8 (wiAT)* /, _-ewn --D/W 
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Since d, 0y and D can be determined spectroscopically, 
the equiUbrium value of C*JCt = Jf, can be calculated 
at any given temperature. There is good agreement be¬ 
tween the measured and calculated values of K, over the 
experimental range of temperatures. 



Chapter 13 


FERMI-DIRAG AND BOSE - EINSTEIN 
DISTRIBUTIONS 

The Boltzmann distribution law which we have been 
using throughout the previous chapters is in fact only an 
approximation, but usually a completely adequate one. 
We shall now say something about the exact distribution 
laws. There are two such laws. Instead of considering the 
distribution of molecules over the several states, we shall 
rather consider the distribution of each quantum state 
over the possible modes of occupation, i.e. empty or 
occupied by one molecule or occupied by two molecules or 
so on. We use the word "molecule'' in a general sense to 
include molecules, atoms, ions, electrons, protons, neu¬ 
trons and so on. 

We first consider the distribution called Fermi-Dirac. 
It applies to the three fundamental particles: protons, 
neutrons, electrons. It also applies to any "molecule" 
composed of an odd number of these particles, e.g. proton, 
deuterium atom, “He, and so on. All such mole¬ 

cules obey the Pauli exclusion principle which states that 
there must not be more than one molecule in any quantum 
state. We shall now quote the Fermi-Dirac distribution 
law. The relative probabilities of a quantum state i of 
euergy E^ being unoccupied or occupied by a molecule 
are in the ratio 1 : X exp {—EJkT) where the activity X 
has the same value for all quantum states. This may be 
expressed in the alternative form: the average number Nt 
of molecules in the state i is 
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^ 5 _. ^ ®*P (— _ 

‘ 1 + A exp [—EijkT) 

and it is evident that is always less than one. 

We turn now to the distribution law called Bose- 
Binstein. It applies to all ‘ molecules” composed of an even 
number of fundamental particles, e.g. deuteron, a-par- 
ticle, H, *He, ^®N, Hj, Dj and so on. These are not 
subject to the Pauli exclusion principle and there is no 
restriction on the number of molecules in any quantum 
state. We shall now quote the Bose-Einstein distribution 
law. The relative probabilities of a quantum state i of 
energy being occupied by 0, 1, 2, 3,... molecules are in 
the ratio 

1: Aexp(—£,/AD: {Aexp(—£JAr)}»: {Xtxp(EJkT )}*... 
where the activity A has the same value for all quantum 
states. This may be expressed in the alternative form: the 
average number of molecules in the state * is 

_ jexp(-£,/AD+2(Aexp(-Jg,/fer)}«+3fAexp(-£J;ir)}»+... 
l+Aexp(-£</Ar)-t-{Aexp{-£,/*r)}*+{Aexp(-£</Ar)}»+... 

_ A exp i-EtlkT) {1-A exp {-EtIkT)}-* 

{1 - A exp {-EtlkT)}-^ 

Aexp(-£JAD 

l-Aexp(-£</Ar) 

We can summarize the two distribution laws together as 

xr _ Aexp(—£f/Ar) 
ldbAexp(—£,/Ar) 

where the -f relates to the Fermi-Dirac and the — to the 
Bose-Einstein distribution. 

We can now see how these two distribution laws are 
r^ted to that of Boltzmann. Let the subscript 0 denote 
the state of lowest energy E„ and let us consider the situa¬ 
tion 


A exp (—EJkT) < 1 
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SO that a fortiori 

A exp (—EJkT) < 1 (aU t) 

It then follows that 

N, < 1 (aU 0 

and we may without loss of accuracy replace either for¬ 
mula for Ni by 

= X exp i—EilkX) 

which is Boltzmann's distribution law. The physical 
meaning of the inequalities, which are the conditions for 
this approximation, is that the number of molecules is 
small compared with the number of quantum states having 
energy less than kT. 

We state without proof that this condition is satisfied 
by all the systems, which we have considered, and in fact 
by almost all systems. The most important exception is 
the system of conducting electrons in a metal; these obey 
the Fermi-Dirac distribution law. The Bose-Einstein 
distribution law is required in the theory of *He at temper¬ 
atures comparable with 1®K and the Fermi-Dirac distri¬ 
bution law is likewise required for ®He. 

We mention in passing that the Bose-Einstein distribu¬ 
tion law also applies to photons (light-quanta). Its appli¬ 
cation, which we shall not describe, leads to the correct 
quantitative description of black-body radiation. This 
phenomenon is of the greatest historical interest since it 
was the study of this which led Planck to discover the 
need for quantum theory. 



